Abstract. The mean compliance minimization in structural topology optimization is solved with the help of a phase field approach. Two steepest descent approaches based on 2 -and −1 -gradient flow dynamics are discussed. The resulting flows are given by Allen-Cahn and Cahn-Hilliard type dynamics coupled to a linear elasticity system. We finally compare numerical results obtained from the two different approaches.
Introduction
Structural topology optimization denotes problems of finding optimal material distributions in a given design domain subject to certain criteria. It has become a standard tool of engineering design, in particular in structural mechanics, see [4] and the literature therein for more details. There are two different problems of importance: (a) the maximization of material stiffness at given mass, and (b) the minimization of mass while keeping a certain stiffness. We consider only the first approach which is known as the minimal compliance problem and is today well understood with respect to its mathematical formulation, see [1] for an overview. Various successful numerical techniques have been proposed, which rely on sensitivity analysis, mathematical programming, homogenization, see [4] for an overview, or more recently on level-set and phase-field methods [2, 33] . The connection to level-set and phase-field methods is best seen using a relation to image processing. In [9] the analogy between basic concepts of image segmentation and structural topology optimization is clearly illustrated. While level-set methods have become an accepted tool in structural topology optimization, the use of phase-field methods in this field has not yet become popular. There are only a few approaches considered, see [33, 11, 29, 10] . Some approaches are based on the fourth-order Cahn-Hilliard equation and hence require a high computational cost. We will here consider an approach which reduces the cost by replacing the Cahn-Hilliard equation by a volume conserved second-order Allen-Cahn equation. Finally, let us point out that phase field approaches have the advantage that topology changes can easily be handled, see Figures 2 and 3. The outline of the paper is as follows: In Section 2 we describe the phase field approach. In Section 3 the discretization of the Allen-Cahn and the Cahn-Hilliard equations with elasticity are discussed. In Section 4 numerical results for both approaches are shown and compared with each other, and in Section 5 we draw conclusions.
Phase-field approach
We consider a structural topology optimization problem of a statically loaded linear elastic structure. The goal is to compute the material distribution in a given bounded design domain Ω ⊂ ℝ .
We will describe the material distribution with the help of a phase field variable . The phase field will take values close to 1 in the void and values close to −1 if material is present. In phase field approaches the interface between material and void is described by a diffuse interfacial layer of a thickness which is proportional to a small length scale parameter and at the interface the phase field rapidly but smoothly changes its value. We can prescribe a given mass by requiring ∫ Ω − = where ∈ (−1, 1) and ∫ Ω − is the mean value of . We now assume a linear elastic material with an elasticity tensor 1 and we model the void with a very small elasticity tensor 2 where we later choose 2 = 2 1 but other choices are possible. In the interfacial region we interpolate the elastic properties and set
We now denote by u : Ω → ℝ the displacement vector and by ℰ(u) := 1 2 (∇u + ∇u ) the strain tensor. Assuming that the outer forces are given by a linear functional on the Sobolev space 1 (Ω, ℝ ) the goal in classical structural topology optimization is to minimize the mean compliance (u) subject to ∫ 
